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PHYS 1443 – Section 002
Lecture #20

Wednesday, Nov. 14, 2007
Dr. Jae Yu

• Moment of Inertia
– Parallel Axis Theorem

• Torque and Angular Acceleration
• Rotational Kinetic Energy
• Work, Power and Energy in Rotation
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Announcements
• Problem #14 in HW#11

– The answer key in the homework system is incorrect many cases
– I gave all of you full credit for the problem.
– Please send me the list of problem numbers that you experienced the ghost 

submission issues
• I will fix these by hand

• Quiz results
– Class Average: 4/8 (50/100)

• Previous quizzes: 50/100, 49/100
– Top score: 8/8

• There will be a quiz next Monday, Nov. 19, in the beginning of the 
class

• There will be a cloud chamber dedication ceremony at 12:30pm, 
Friday, Nov. 16, in CPB 303
– You are welcome to come and see the chamber in action
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Calculation of Moments of Inertia
Moments of inertia for large objects can be computed, if we assume that 
the object consists of small volume elements with mass, Δmi.

It is sometimes easier to compute moments of inertia in terms 
of volume of the elements rather than their mass

Using the volume density, ρ, replace 
dm in the above equation with dV.

The moment of inertia for the large rigid object is

How do we do this?

∑ Δ=
→Δ i

iim
mrI

i

2

0
lim ∫= dmr2

dV
dm

=ρ The moments of 
inertia becomes ∫= dVrI 2ρ

Example: Find the moment of inertia of a uniform hoop of mass M and radius R 
about an axis perpendicular to the plane of the hoop and passing through its center.

x

y

RO

dm The moment 
of inertia is ∫= dmrI 2

What do you notice 
from this result?

The moment of inertia for this 
object is the same as that of a 
point of mass M at the distance R.

∫= dmR2 2MR=

dVdm ρ=



Wednesday, Nov. 14, 2007 PHYS 1443-002, Fall 2007
Dr. Jaehoon Yu

5

Example for Rigid Body Moment of Inertia
Calculate the moment of inertia of a uniform rigid rod of length L and mass M about an 
axis perpendicular to the rod and passing through its center of mass.

The line density of the rod is  

What is the moment of inertia 
when the rotational axis is at 
one end of the rod.

x

y

L
x

dx

L
M

=λ

so the masslet is  dm

The moment 
of inertia is  

I

∫= dmrI 2

Will this be the same as the above.  
Why or why not?

Since the moment of inertia is resistance to motion, it makes perfect sense 
for it to be harder to move when it is rotating about the axis at one end.

dxλ= dx
L
M

=
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L
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Parallel Axis Theorem
Moments of inertia for highly symmetric object is easy to compute if the 
rotational axis is the same as the axis of symmetry.  However if the axis of 
rotation does not coincide with axis of symmetry, the calculation can still be 
done in a simple manner using parallel-axis theorem. 2MDII CM +=

y

x

r

Moment of inertia is defined as ∫= dmrI 2

Since x and y are

x’

y’

'xxx CM +=

One can substitute x and y in Eq. 1 to obtain
( ) ( )[ ]∫ +++= dmyyxxI CMCM

22 ''

Since the x’ and y’ are the 
distances from CM, by definition ∫ = 0'dmx

D

Therefore, the parallel-axis theorem
CMIMD += 2

What does this 
theorem tell you?

Moment of inertia of any object about any arbitrary axis is the sum of 
moment of inertia for a rotation about the CM and that of the CM 
about the rotation axis.

( )2 2   (1)x y dm= +∫
'yyy CM +=

( ) ( )dmyxdmyydmxxdmyx CMCMCMCM ∫∫∫∫ +++++= 2222 '''2'2

∫ = 0'dmy

( ) ( )dmyxdmyxI CMCM ∫∫ +++= 2222 ''
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Example for Parallel Axis Theorem
Calculate the moment of inertia of a uniform rigid rod of length L and mass M about an 
axis that goes through one end of the rod, using parallel-axis theorem.

The line density of the rod is  

Using the parallel axis theorem

L
M

=λ

so the masslet is  dx
L
Mdxdm ==λ

The moment of 
inertia about 
the CM 

CMI

MDII CM
2+=

The result is the same as using the definition of moment of inertia.
Parallel-axis theorem is useful to compute moment of inertia of a rotation of a rigid 
object with complicated shape about an arbitrary axis

x
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Torque & Angular Acceleration
Let’s consider a point object with mass m rotating on a circle.

What does this mean?

The tangential force Ft and the radial force Fr

The tangential force Ft is

What do you see from the above relationship?

m
r

Ft

Fr

What forces do you see in this motion?

tt maF =
The torque due to tangential force Ft is rFt=τ

ατ I=
Torque acting on a particle is proportional to the angular acceleration.

What law do you see from this relationship? Analogs to Newton’s 2nd law of motion in rotation.

How about a rigid object?

r

dFt

dm

O

The external tangential force dFt is =tdF

=∑τ
The torque due to tangential force Ft is
The total torque is

=τd

What is the contribution due 
to radial force and why?

Contribution from radial force is 0, because its 
line of action passes through the pivoting 
point, making the moment arm 0.

αmr=
rmat= α2mr= αI=

=tdma αdmr

=rdFt ( )αdmr 2

=∫ dmr2α αI
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Example for Torque and Angular Acceleration
A uniform rod of length L and mass M is attached at one end to a frictionless pivot and is 
free to rotate about the pivot in the vertical plane.  The rod is released from rest in the 
horizontal position. What are the initial angular acceleration of the rod and the initial linear 
acceleration of its right end?

The only force generating torque is the gravitational force Mg

τ

Using the relationship 
between tangential and 
angular acceleration

∫=
L

dmrI
0

2Since the moment of inertia of the rod 
when it rotates about one end

L/2

Mg

We obtain α

ta
What does this mean?
The tip of the rod falls faster than 
an object undergoing a free fall.

Fd=
2
LF=

2
LMg= αI=

∫=
L
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0
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Rotational Kinetic Energy
What do you think the kinetic energy of a rigid object 
that is undergoing a circular motion is? 

Since a rigid body is a collection of masslets, the total kinetic energy of the 
rigid object is

Since moment of Inertia, I, is defined as

Kinetic energy of a masslet, mi, 
moving at a tangential speed, vi, is

ri

mi

θ

O x

y vi

iK

RK

∑=
i

iirmI 2

RK =The above expression is simplified as
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