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Announcements

» Research paper template has been uploaded onto
the class web page link to research

* Special colloquium on April 2, triple extra credit
* Colloquium this Wednesday at 4pm in SH101
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Special Project #4

Prove that the wave function W=A[sin(kx-mt)
+icos(kx-mt)] is a good solution for the time-
dependent Schrodinger wave equation. Do NOT
use the exponential expression of the wave
function. (10 points)

Determine whether or not the wave function
Y=Ae-X satisfy the time-dependent Schrodinger
wave equation. (10 points)

Due for this special project is Monday, Apr. 7.
You MUST have your own answers!
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Probability of the Particle
The probability of

observing the particle v
between x and x + dx in /\/\/
each state Is

P, dxoc|¥, (x)] dx
Note that E, =0 is not a
possible energy level.

The concept of energy
levels, as first discussed
in the Bohr model, has
surfaced in a natural
way by using waves.
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The Schrodinger Wave Equation

» Erwin Schrodinger and Werner Heinsenberg
proposed quantum theory in 1920
* The two proposed very different forms of equations
* Heinserberg: Matrix based framework
« Schrodinger: Wave mechanics, similar to the
classical wave equation
* Paul Dirac and Schrodinger later on proved that
the two give identical results

* The probabilistic nature of quantum theory is
contradictory to the direct cause and effect seen
in classical physics and makes it difficult to grasp'
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The Schrodinger Wave Equation

B The Schrodinger wave equation in its time-dependent
form for a particle of energy E moving in a potential V' in
one dimension is

a‘lf(x,t) n’ 0" (x,

t)
v
ot 2m Ox> Y (Xt)

ih

B The extension into three dimensions Is

oY az‘lf Y VY
ih— = >
0x’ 8y 0z

+ ]+V‘P(x V.2, t)
* where ;-.-1 Is animaginary number
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Ex 6.1: Wave equation and Superposition

The wave equation must be linear so that we can use the superposition principle to. Prove
that the wave function in Schrodinger equation is linear by showing that it is satisfied for
the wave equation ¥ (x,t)=a¥, (x,t)+b'¥, (x,t) where a and b are constants and ¥, (x,t)
and ¥, (x,t) describe two waves each satisfying the Schrodinger Eq.

¥Y=a¥, +b¥, iha:tll:—;; a;;’wV‘Pl iha;I:2=— 2h; a;;};”V‘Pz

a; aat(a\}' +b¥,)=a a;tll+ba;;2

B e > z:%;x( J
zhaa—\f ih(aa;’l+ba\;;2):—h2( a;x +ba;x ]+V(a‘P +b¥,)

o 2 2T o2 28y, )
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General Solution of the Schrodinger
Wave Equation

 The general form of the solution of the Schrodinger wave
equation is given by:

W (x,t) = Ae'™) = A cos(kx—ot)+isin(kx—or) |

* which also describes a wave propagating in the x direction. In
general the amplitude may also be complex. This is called the
wave function of the particle.

 The wave function is also not restricted to being real. Only the
physically measurable quantities (or observables) must be
real. These include the probability, momentum and energy.
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Ex 6.2: Solution for Wave Equation

Show that Ae*Y satisfies the time-dependent Schrodinger wave Eq.

P = Ae') :> a; %(Aekxw’))——iAa)e('“ o) = )P

o o . .
— Ae ™)) = jAke™ ) = jep

ox Bx( )
82\1“ a . . a . . i(kx—ot) 2 i(kx—ot) 2
= = ax(zk‘P) - zkg(‘{‘) = zk(zAke ) _Ak%e = kY

oV h* hw—hzkz—v ¥ =0
ih— = ih(—io¥) =ho¥ =——(-k°¥)+ V¥ 2m

ot 2m

2
The Energy: E = hf = h(z j ho =(E—§—m—Vj:0
T

The wave number: k = 27 = 2 = 27p _P The momentum: p = fik
A h/p h h
p

2 2
From the energy conservation: E=K+V =—+V > E-L _v=0
2m 2m

So Ae'*bis g good solution and satisfies Schrodinger Eq.
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Ex 6.3: Bad Solution for Wave Equation

Determine W (x,t)=Asin(kx-mt) is an acceptable solution for the time-
dependent Schrodinger wave Eq.

¥ = Asin(kx — or) > %—E’ %(Asm(kx ot))=—Aw cos(kx— ot)
v _ J

(Asin(kx— a)t)) = kAcos(kx— a)t)

ox B dx

2
0 f= 0 (kAcos(kx—wt))=—k*Asin(kx— wt) =—k*¥
dx°~  dx

h2
2m(
+Vjsin(kx—a)t)

2

—> —iEcos(kx—a)t)z(f—m+V)sin(kx—a)t)

Thisis not true in all x and t. So W (x,t)=Asin(kx-mt) is not an acceptable

solution for Schrodinger Eq.

Wednesday, Mar. 26, m PHYS 3313-001, Spring 2014 10
2014 L5 Dr. Jaehoon Yu

ifi(—o cos(kx — wt)) = ——(—k’ sin(kx — o))+ V sin (kx — ot )

2712

—ihw cos(kx — 1) = [hzk
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Normalization and Probability

The probability P(x) dx of a particle being between x
and X + dx was given in the equation

P(x)dx =¥ (x,t)‘l’(x,t)dx
Here W* denotes the complex conjugate of ¥

The probability of the particle being between x, and x,

IS given b 5 .
R | ax

The wave function must also be normalized so that the

probability of the particle being somewhere on the x

axis is 1. po
B Y (x,t)‘P(x,t)dx =1
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Ex 6.4: Normalization

Consider a wave packet formed by using the wave function that Ae-,
where A is a constant to be determined by normalization. Normalize this
wave function and find the probabilities of the particle being between 0 and

‘Wave function

1/o, and between 1/ac and 2/c.

P = Ae M

Probabilit
y density
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Ex 6.4: Normalization, cont’d

Using the wave function, we can compute the probability for a particle to be

Wave function

with 0 to 1/oc and 1/o to 2/c. N
B g
¥ = Joe ™
For 0 to 1/o: e \'\J x
l/l?;cosition 1

/o

P= jl/aq’*‘I’dx = oe  dx =
0 0 —20

For 1/oto 2/

2/
2o, 2/0r o 1 _
P=[""wWar= [ "ae?dr=——e"" =-—=(e'-¢")=0.059
1o /e 20 Vet 2
How about 2/ou:to «?
13
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Properties of Valid Wave Functions

Boundary conditions

1)  To avoid infinite probabilities, the wave function must be finite
everywhere.

2) To avoid multiple values of the probability, the wave function must be
single valued.

3) For finite potentials, the wave function and its derivatives must be
continuous. This Is required because the second-order derivative
term in the wave equation must be single valued. (There are
exceptions to this rule when Vis infinite.)

4) In order to normalize the wave functions, they must approach zero as
X approaches infinity.

Solutions that do not satisfy these properties do not generally
correspond to physically realizable circumstances.
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Time-Independent Schrodinger Wave Equation

 The potential in many cases will not depend explicitly on time.

* The dependence on time and position can then be separated
in the Schrodinger wave equation. Let, W (x,¢) =y (x) f(¢)

which yields: ih‘//(x)a];y) :_hzzf(t) 825/,(2x)+v(x)w(x)f(t)

Now divide by the wave function: L) WL W)y

f(r) o 2m w(x) ox’

* The left side of this last equation depends only on time, and
the right side depends only on spatial coordinates. Hence each
side must be equal to a constant. The time dependent side is

L 1df
f dt

B
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Time-Independent Schrodinger Wave Equation(con’t)
m We integrate both sides and find: ihjﬁ _ der —ihln f=Bt+C
/

where C is an integration constant that we may choose to be 0.

Therefore Inf = B;ht
l

This determines f to be by comparing it to the wave function of a free
partiCIe f(t) — B — Bl pmion Blh=0 = B=ho= E

L1 9f(r)
=E
"0 o
m This is known as the time-independent Schrodinger wave
equation, and it is a fundamental equation in quantum mechanics.
n dy(x)
- = +V(x)y (x) = Ey (x)
2m  dx
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Stationary State

* Recalling the separation of variables: ¥ (x,)=w (x) f(¢)
and with f{t)= e the wave function can be
written as:  W(x,t)=y(x)e™
* The probability density becomes:

P =y (x)(e”e ™) =y (x)

* The probability distributions are constant in time.
This Is a standing wave phenomena that is called the
stationary state.
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Comparison of Classical and

Quantum Mechanics

. Newton’s second law and Schrodinger’'s wave equation
are both differential equations.

. Newton’s second law can be derived from the

Schrodinger wave equation, so the latter is the more
fundamental.

. Classical mechanics only appears to be more precise
because it deals with macroscopic phenomena. The
underlying uncertainties in macroscopic measurements
are just too small to be significant due to the small size
of the Planck’s constant
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Expectation Values

In quantum mechanics, measurements can only be expressed in terms
of average behaviors since precision measurement of each event is
impossible (what principle is this?)

The expectation value is the expected result of the average of many
measurements of a given quantity. The expectation value of x is
denoted by <x>.

Any measurable quantity for which we can calculate the expectation
value is called a physical observable. The expectation values of
physical observables (for example, position, linear momentum, angular
momentum, and energy) must be real, because the experimental
results of measurements are real.

, ZNl.xl.
The average value of xis 7 _ N+ N, + Ny, + NoX, +--- 4

N, +N,+N,+N, +-- YN,
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Continuous Expectation Values

* \We can change from discrete to J‘ e I P( x) dx
continuous variables by using ==
the probability P(x,t) of J e P(x)dx
observing the particle at a —co
partmular X. | ) rwx\{,(x,t)* ‘P(x,t)dx
* Using the wave function, the  » = J==
expectation value is: j P (x,t) ¥ (x,t)dx

* The expectation value of any
function g(x) for a normalized
wave function:
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Momentum Operator

To find the expectation value of p, we first need to represent p in
terms of x and t. Consider the derivative of the wave function of a free
particle with respect to x:

OV 91 ikeonT_ o ko)
N ax[e }— ike = kY
With k=p/f we have OF _ . Py

0x

This yields , O (x1)
y p[‘l’ x,t ]— o
This suggests we define the momentum operatoras  p = —zhi
The expectation value of the momentum is ox
— [y A vr (7 vy 8‘P(x,t)
= Lo W (x,t)pW¥ (x,t)dx = —th._oo ¥ (x,t) . dx
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