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Moment of Inertia

Parallel Axis Theorem

Torque and Angular Acceleration
Rotational Kinetic Energy

Work, Power and Energy in Rotation
Angular Momentum & Its Conservation
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Moment of Inertia

Rotational Inertig: ~ Measure of resistance of an object to
changes in its rotational motion.
Equivalent to mass in linear motion.

Foragroup [1=Y mr?| Forarigid || = [ r2gm
of particles Zml body ‘[

What are the dimension and 5
unit of Moment of Inertia? [M L ] kg' mz
Determining Moment of Inertia is extremely important for

computing equilibrium of a rigid body, such as a building.
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Example for Moment of Inertia

In a system of four small spheres as shown in the figure, assuming the radii are negligible
and the rods connecting the particles are massless, compute the moment of inertia and
the rotational kinetic energy when the system rotates about the y-axis at angular speed .

m

y
éb Since the rotation is about y axis, the moment of
p inertia about y axis, 7, Is
[ [ 2 2 oM
o @— | =2Mr=MEMI“mO +m-0=2Mml
|

? Why are some 0s?

This is because the rotation is done about y axis,
and the radii of the spheres are negligible.

1

1
Thus, the rotational kinetic energy is Kg= > lo® = E(ZMI i )0)2 = M| *w?

Find the moment of inertia and rotational kinetic energy when the system rotates on
the x-y plane about the z-axis that goes through the origin O.

1

| =2 mr’=MI3M | 24mb3m? =2ME+mb?) K, :Ela)Z:%(ZMI2+2mb2)a)2=(MI2+mb2)a)2
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Calculation of Moments of Inertia

Moments of inertia for large objects can be computed, if we assume
the object consists of small volume elements with mass, Am,

The moment of inertia for the large rigid objectis = "er Am jfzdm

It Is sometimes easier to compute moments of inertia in terms _
of volume of the elements rather than their mass How can we do this?

Using the volume density, p, replace _dm The moments of [ 2
dm in the above equation with dV. v dm= dV inertia becomes | = _[Pr dv

Example: Find the moment of inertia of a uniform hoop of mass M and radius R
about an axis perpendicular to the plane of the hoop and passing through its center.

Y1 4, The moment [ 24m D2 5
of inertia is | _jr dm =R Idm = MR

A\ 4

The moment of inertia for this
object is the same as that of a
point of mass M at the distance R.

X What do you notice
from this result?
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Example for Rigid Body Moment of Inertia

Calculate the moment of inertia of a uniform rigid rod of length L and mass M about an
axis perpendicular to the rod and passing through its center of mass.

y The line density of therodis A =

so the masslet is

W The moment
X . ..
< > of inertia is

| :J'rzdm

M

L

dm =adx =M 4
L

:J-LIZ XM ix :M|:£X3:|
-Li2 L L |3

- — 2 XM . M[1 .,
What is the moment of inertia jr dm = _[ —dx= T{g Xﬂ
: . 0
when the rotational axis is at L M VL2 0
one end of the rod. (L) - ] = (1) =
3L 3

Will this be the same as the above. Since the moment of inertia is resistance to motion, it makes perfect sense
Why or why not? for it to be harder to move when it is rotating about the axis at one end.
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Parallel Axis Theorem

Moments of inertia for highly symmetric object is easy to compute if the
rotational axis is the same as the axis of symmetry. However if the axis of
rotation does not coincide with axis of symmetry, the calculation can still be
done in simple manner using parallel-axis theorem. | =1, + MD?

a

Moment of inertia is defined I:jrzdm =j(x2+y2)dm @

(xy)  Sincexandyare = X=Xgy+X Y=YtV

One can substitute x and y in Eq. 1 to obtain
: I__H CM+X yCM+y hm
CM

(Xcl\ill,yCM) :(XCM + yCM )_[dm+ 2XCMIX dm+2yCij'dm+I(X-2+y-2)jm
: _ Since the x"and y’ are the

_[x'dmzo jy'dmzo

x distance from CM, by definition
Therefore, the paraIIeI axis theorem

What does this
theorem tell you?

I—(xCM+yCM jdm+j X' +y'2)1|m =MD?* + 1,

Moment of inertia of any object about any arbitrary axis are the same as

o004 the sum of moment of inertia for a rotation about the CM and that of

the CM about the rotation axis.




Example for

Parallel Axis Theorem

Calculate the moment of inertia of

axis that goes through one end of the rod, using parallel-axis theorem.

a uniform rigid rod of length L and mass M about an

y

CM dx

< Is R

the CM

Using the parallel axis theorem

L/2
—ﬂix The .moment Of |CM _ 2d _ .‘-LIZ X |\/| |:£ X3:l
4 > inertia about . L/2 3

The line density of therod is 4 = %

so the masslet is dm= ﬂdx:de

—-L/2

G5 )

3L\ 2 2 3Ll 4 ) 12

M2 (LY M2 ML2 ML
M: —|— =

12 12 4 3

| =1, +D’M=

2

The result is the same as using the definition of moment of inertia.

Parallel-axis theorem is useful to compute moment of inertia of a rotation of a rigid
object with complicated shape about an arbitrary axis
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Torque & Angular Acceleration

Let’s consider a point object with mass m rotating on a circle.
What forces do you see in this motion?

The tangential force #, and radial force ¥,
The tangential force F,is F =mg =mra

_Er— 2
The torque due to tangential force ,is £ =R =mMar=mra=Ilga

What do you see from the above relationship? =l

What does this mean? Torgue acting on a particle is proportional to the angular acceleration.
What law do you see from this relationship?  Analogs to Newton’s 2" law of motion in rotation.
How about a rigid object?  The external tangential force 4%, is dF, = dma, =dmra

The torque due to tangential force F,is  dz =dRr = (rzdm)a
The total torque is > 7= aJ. r’dm=lq

What is the contribution due Contribution from radial force is 0, because its
dial f d whv? line of action passes through the pivoting
Wednesday, Nov. 10, 2 to radia ana wny: , 004 point, making the moment arm 0.
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Example for Torque and Angular Acceleration

A uniform rod of length £ and mass 9 s attached at one end to a frictionless pivot and is
free to rotate about the pivot in the vertical plane. The rod is released from rest in the

horizontal position. What are the initial angular acceleration of the rod and the Initial linear
acceleration of its right end?

L2 The only force generating torque is the gravitational force g

L L
T:Fd :FE:MQEZIQ

| Mg

L
Since the moment of inertia of the rod | _ JO erdmz jo ) x2 MX:(MJ{XS} _ ML
0

when it rotates about one end L) 3 3
We obtain Using the relationship between tangential and
angular acceleration
o _ Mgl :M_gI; _3g 3g  Whatdoes this mean?
B 2MLE ~ o = =—
2l =2 4 La 2 The tip of the rod falls faster than
3 an object undergoing a free fall.
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Rotational Kinetic Energy

What do you think the kinetic energy of a rigid object
that is undergoing a circular motion is?

— 1
Kinetic energy of a masslet, m, K.=—myv
> Moving at a tangential speed, v, Is

] 1'1

Since a rigid body Is a collection of masslets, the total kinetic energy of the

rigid object Is 1 1
=2 K=o 2 mies =2 P e or
2

Since moment of Inertia, | is definedas | =Zn]r
|

> 1 2 .z
i:Emiria)

The above expression is simplified as KR —
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Total Kinetic Energy of a Rolling Body

What do you think the total kinetic Since it is a rotational motion about the point
energy of the rolling cylinder is? P, we can write the total kinetic energy
° > 1 .
) 2 Where, |, is the moment of
‘/QJ 2V, K==l 0~ ~ P .
: 2 Inertia about the point P.
..
/ R Yen Using the parallel axis theorem, we can rewrite
RN 1 1 1 1
e K=§Ipa)2:§(ICM+MR2)0)2:§ICMa)2+§MR2a)2
Smc_e vC%=QQm, the aboye K
relationship can be rewritten as
What does this equation mean? Rotational kinetic Translational Kinetic
energy about the CM energy of the CM

Total kinetic energy of a rolling motion is the sum
of the rotational kinetic energy about the CM And the translational
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Kinetic Energy of a Rolling Sphere

Let’s consider a sphere with radius R
rolling down a hill without slipping.

1 1
K = > l.,, a)2+§MR2a)2
2
1 V., ) 1
=7 lom ( = +_MVc2:|v|
SINCE =R 2 R / 2
1 ICM 2
:E( R2 +M vy
J
What is the speed of the Since the kinetic energy at the bottom of the hill must
CM in terms of known be equal to the potential energy at the top of the hill
quantities and how do you K = 3( 'C“; + M jng = Mgh
find this out? 2\ R
2gh
Yom = 1+1., / MR?
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Example for Rolling Kinetic Energy

For solid sphere as shown in the figure, calculate the linear speed of the CM at the
bottom of the hill and the magnitude of linear acceleration of the CM. Solve this problem
using Newton’s second law, the dynamic method.

What are the forces involved in this motion?
| / / J’< Gravitational Force, Frictional Force, Normal Force
T

Newton'’s second law applied to the CM gives
X Y F, =Mgsind— f =Ma,
Y F, =n—Mgcosé =0

Since the forces Mg and n go through the CM, their moment arm is 0
and do not contribute to torque, while the static friction fcauses torque tem=

=fR=I_,&

2
We know that We | f_lw2 5 MR® Aew | = EMaCM
5 obtain R R R
lew = g MR’ _ : 5
Substituting fin MgsinezzMaCM 3., =—gsing
a.,, =Ra dynamic equations 5 7
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